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AbstracL The magnetic properties of a ferrimagnetic bilayer system consisting of spin-4 and 
spin-3 king layers in an applied m s v e r s e  field are examined by the use of effective-field theory. 
We have obtained some interesting results that may potentially be related to experimental work 
on me-earthltransition-metal multilayer films. 

1. Introduction 

Recently, multilayers composed of rare-earth (RE) and transition-metal (TM) single layers 
have been grown on some substrates [1-5]. These materials are now of great interest because 
they are new materials with ,interesting and possibly useful properties for technological 
applications as well as academic research. However, most of the theoretical work related to 
magnetic multilayered systems has been restricted to Ising or Heisenberg systems consisting 
of only spin-: ions where each layer has a coupling constant of,a different magnitude [6- 
111. Therefore, in order to treat RUTM multilayers, it is necessary to discuss magnetic 
multilayers with different spins. 

The RWTM multilayers show an interesting magnetic coupling behaviour. The 3d-4f 
indirect interaction is considered to be negative far heavy RES, 'while it is positive for 
light RES. Owing~to the interaction, multilayer films of RE (Tb, Gd)/m (CO, Fe) show a 
ferrimagnetic behaviour. for the small thicknesses of these materials [3,5]. Furthermore, 
the compensation temperature depends strongly on the thickness. 

Very recently, the magnetic properties of bilayer systems consisting of two ferromagnetic 
king layers A (SA = 4) and B (SB = 5 )  coupled ferrimagnetically have been examined by 
the use of the effective-field theory~[l2,13], in order to explain the experimental data for 
RE/TM multilayer films with equal thicknesses [3,5]. In the process, a number of interesting 
phenomena has been found. On the other hand, the theoretical framework [I31 has also 
been extended to the transverse Ising model with an arbitrary spin S 114,151. 

In this work, we shall study  via the same method as in [13-15] the effects of the 
applied transverse field (i.e., the field is applied parallel to the bilayer plane) on the magnetic 
properties of a ferrimagnetic bilayer king system consisting of spin-f (SA = f )  and spin-: 
(SB = 4) ferromagnetic monolayers. In contrast to previous work [6], however, the single- 
ion anisotropy on layer B is not taken into account in-this work. The results obtained here 
may be useful for future experimental work. In particular, a magnetic field applied parallel 
to the bilayer plane (or REITM multilayer film plane) may control the compensation point, 
which is observed in the easy z direction perpendicular to the bilayer plane. 

t Permanent address: Department of Theoretical Physics a d  Geophysics. Faculty of Natural Sciences, P J S a f d  
University, Moyzesova 16, 041 54 KoSice, Slovakia. 
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The outline of this paper is as follows. In section 2. the basic relations for obtaining 
phase diagrams and magnetizations in the x and e directions are given briefly. The numerical 
results are shown and discussed in section 3. In section 4, the internal energy and specific 
heat are obtained and discussed. 

2. Formulation 

We consider the bilayer system with a negative interlayer coupling 53 in an applied transverse 
field CL For simplicity, we restrict our attention to the case of .a simple cubic king-type 
structure without any single-ion anisotropy on the B monolayer. The two-dimensional cross 
section of the system is depicted in figure 1. The Hamiltonian of the system is given by 

where the first three sums are taken over all the nearest-neighbour pairs only once, PI, /*f 
are the components of spin-; operators on A layers and the Sf, S: are the components of 
spin-; operators on B layers. There exist three coupling constants depending on where the 
spin pair is located. In order to relate our system to some experimental data for WTM 
multilayer systems, we take J1 > Jz =- 0. That is to say, A layers consist of TM atoms and 
B layers are made up of RE atoms. Then, the exchange interaction J ,  between A atom pairs 
results from the direct interaction and the interaction Jz between B atom pairs is considered 
to be due to the indirect interaction. Furthermore, the 53 (or 3 d 4 f  indirect interaction) is 
taken to be negative. 

3 Sg= 2 SA = 1 1 

A 

E 

A 

B 

A 
B F i y r e  1. Part of the two-dimensional moss 

section t b u g h  the magnetic bilayer system 
A consisting of the two ferromagnetic (J ,  2 0, 32 2 

0) monolayers A and B with spins SA = 4 and 
SB = 2 x 1' 

In this section, we shall briefly review the basic framework of [12-15]. since the basic 
spin identities for homogenous systems with an arbitrary spin in a transverse field have been 
derived in [I41 and [ 151 and the basic thermodynamical quantities of the bilayer system in 
figure 1 have been formulated within the effective-field theory (EFT) in [U]. In particular, 
[I51 reviews how the s p i n 4  transverse king model as well as the spin-S (S >, 4) Ising 
model can be formulated on the basis of the Ising spin identities and the differential operator 
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technique. From this work, we can straightforwardly obtain relations for the longitudinal 
and transverse magnetization in the A and B layers as follows: 

uz = (&)'= [cosh(iJIV) + Z ~ ~ s i n h ( $ J , V ) ] ~  

X [cosh(qJ;V) f ( m h )  sinh(ilJ3v)lzF~(X)l,o 

X [cosh(fJ,V) + 20, Sillh($J~v)]ZF~(X)[x,o 

X [cosh(qJ3V) + ( m h )  sinh(rl .hv)12ff~(X)Ix~ 

X [cosh( i J3V) + 20; SiIlh($J3v)l2ff~ (X) Ix=o. 

(2 
m, = (S:) = [cosh(qJzV) + (m,/q) sinh(qJzV)J4 

(3) 

~u,  = (&) = [cosh(;J~V) + Z ~ ~ s i n h ( $ J ] V ) ] ~  

(4) 

m, = (S:) = [cosh(qJzV) + (mJq)  sinh(qJ2V)l4 

(5) 

Furthermore, it is necessary to evaluate the parameter qr 

qr = ((Sf)') = [cosh(qJzV) + (mz/q)  sinh(qJ2V)14 

q 2  which is given by 

X [cosh(iJ;V) f 2Uz S i n h ( ~ J 3 V ) I Z G ~ ( X ) I x ~ .  (6) 
In the above equations, V = a/ax is a differential operator, N denotes the total number 
of atoms in the A (or B) layer and the functions F,(x), G,(x) and H,(x) (a = A, B) are 
defined in the appendix. 

In order to obtain (2)-(6), we have used the relation 

exp(aSA) = cosh(qa) + (S;/q) sinh(qa) (7) 

which can be viewed as an approximated Van der Waerden identity valid for an arbitrary 
spin. Moreover, the multisite correlations appearing in the process of calculation have been 
decoupled as follows: 

(P jS i . .  .,P3 ( L q  (Si).. . (Pf) (8 )  

for j # k # . . . f 1. The main reason for the introduction of both approximations is 
to avoid mathematical complexities that naturally appear if we treat any physical problem 
with spin higher than one beyond the standard mean-field approximation. In particular, the 
application of relation (7) brings a substantial reduction of algebraic calculations. In fact, if 
one does not use (7), they become mathematically tractable but rather complicated problems. 
In our previous work [12-15], we have found that treatments based ,on the approximations 
(7) and (8 )  provide reasonable results that are better than the mean-field results. This is due 
to the fact that relations (7) and (8) allow us to account for some correlations through the 
parameter q1 (or q), which gives a very important contribution to the temperature or field 
dependences of thermodynamical quantities. Therefore, the results predicted by Em cannot 
be obtained within the mean-field theory where all the correlations are completely ignored. 

(9) 

After expanding the right-hand sides of (2)-(5), one obtains a close set of polynomial 
equations with coefficients depending on T ,  a, JI, Jz  and J; that can be solved numerically. 
In the next section, we shall show some typical results obtained through the numerical 
analysis of the above-mentioned equations. 

Here, we define the total magnetizations M, in the a direction (a = x, z) as 
1 Ma = ?(Ua +me,). 
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3. Numerical results 

3.1. Phase diagram 

Let us first study the dependences of the transition temperature Tc and the compensation 
temperature TWmP on the transverse field R and exchange interaction parameters Jz  and 
53. The transition temperature can be obtained by expanding the right-hand side of (2) and 
(3) and keeping only the terms linear in ur and m,; in a finite transverse field, the /I; and 
S i  components of the system are disordered at high temperatures, but below a transition 
temperature T, they order and take uz # 0 and m: # 0, although there is an order with 
ux # 0 and m, # 0 at all temperatures. Thus, the coupled equations for evaluating T, are 
given in the matrix form 

M J a Z u r  and T Kaneyoshi 

where the coefficients A,  and B, (n = 1 ,2 )  can be obtained from (2) and (3). The transition 
temperature can be determined from det M = 0. Then, the parameter 7 is included in the 
coefficients, and it can be determined by solving 

$ = cosh4(qJzV) cosh2($J3V)GB(x)Ir=0 (11) 

at T = T,. On the other hand, the compensation temperature T,,,, of the system can be 
evaluated by requiring the condition M: = 0 in the coupled equations (2)  and (3). 

Some typical results for the phase diagram of the bilayer system are depicted in figure 2 
by selecting J 2 / J 1  = 0.05. In the figure. the full and broken curves represent the variations 
of T,,,, and TE, respectively. 

Figure 2(a) shows the phase diagram in the (Tc, 1J31/J1) space when a positive value of 
R is selected. Here, the results for R = 0.0 are equivalent to those af D/Jl =~O.O labelled 
c in figure 2 of [12]. The results of figure 2(a) clearly express how the TWmp and Tc can be 
changed with the increase of the applied transverse field. In particular, it gradually becomes 
impossible to find the compensation point when the value of R increases. The situation 
is depicted in the figure as a chain curve; for a large R, one cannot find the Tcomp of the 
system for very small values of j 5311 JI . 

At this point, we known from the study of the transverse k ing  model that with the 
increase of s1 the transition temperature Tc falls from its value at s1 = 0.0 and reaches zero 
at a critical value QC. For the bilayer system with Jz/JI = 0.05, the phenomenon is plotted 
in figure 2(b) by taking three values of J3/J1, namely J31.11 = -0.2, -0.5 and -1.0. In 
figure 3, therefore, the critical value Rc at which T, of the bilayer system reduces to zero 
is depicted as a function of I J~~/J I  by selecting three values of Jz/J,. 

Now, an interesting phenomenon is also obtained in figure 2(b): TWmp may change 
with the value of R. For example, the TmmP of the bilayer system with J3/J, = -0.2 can 
be found even at R = 0.0. Increasing the value of R, it falls from its value at i2 = 0.0 
and reaches zero, like the Tc curves. For the bilayer system with a certain value of J3/JI 
smaller than J3/J1 = -0.2, on the other hand, Tcomp cannot be obtained at s1 = 0.0. Like 
the full curve b with J3/J1 = -0.5 in  figure 2(b), TWmp may change in the limited range 
of s1. Corresponding to the chain curve in figure 2(a), the chain curve in figure 2(b) also 
represents the critical boundary line for the existence of Twmp in the T - R space. Thus, 
the results (full curves) in figure 2(b) indicate that the Tcomp of the bilayer system can be, 
controlled by applying the magnetic field parallel to the bilayer plane (or to the x direction). 
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Figure 2. ( U )  Phase diagram (Tcomp and T, versus IhlfJ1) of~the  bilayer system, when the 
value of h l J 1  is fixed at J ~ I J I  = 0.05 and the value of the transikrse field R is changed 
SVJi = 0.0 (curve a), Q f J i  = 1.0 (curve b), O / J l  = 1.4 (curve c) and nfJI = 2.0 (curve d). 
The full curves represent the compensation temperatures T,,,: the broken curves are the critical 
temperatures T, and the chain curve represents I critical boundary line for the existence of the 
compensation temperature. ~ ( b )  Phase diagram (T,,, and T, versus RlJI) of the bilayer system, 
when ihe value of h f h  is fixed at J2lJ1 = 0.05 and the value of the interlayer coupling J3/JI 
is changed: h f J i  = -1.0 (curve a), h I J l  = -0.5 (curve b) and J 3 / J i  = -0.2 (curve c). The 
meaning of the full, broken md chain curves is the same as in (a). 

I I 
0 2 4 6 

I Jgl  

J1 
- 

Figure 3. The critical transverse field n, /J ,  as 
a function of the interlayer wupling 1.13131. The 
numbers acwmpanying each curve are the values 
of JlfJt. 

3.2. Magnetization curve 

In this part, let us show some typical temperature dependences of the magnetizations 
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(U<, ux, m:, m,, ML. Mz) in the bilayer system by solving equations (2)-(6) numerically 
for selected values of 52, J3 and R in figure 2. 

The temperature dependences of ua and m, (a = x, z) for the bilayer system with 
J 2 / J I  = 0.05 and J 3 / J ,  = -0.2 are depicted in figure 4 by taking different values of Q / J , ,  
namely R / J l  = 0.1, 0.5, 1.0 and 2.0. In figure 5 ,  the thermal variations of [M,[ and M, for 
the system are also depicted. As is seen from figure 5 ,  the compensation point cannot be 
obtained in the lM,l curve labelled Q / J ,  = 1.0, which is consistent with the result (the full 
curve c) in figure 2(b). Furthermore, when Q / J I  = 2.0, the magnetization M, is always 
ME = 0.0 in the whole temperature region, while M, (the broken curve) in figure 5 may 
decrease from the saturation value at T = 0 K. This is also consistent with the result (the 
broken curve c) in figure 2(b). 

M JaSEur and T Kaneyoshi 

-0.5 
J2 / J1 = 0.05 

-1 

-1.5 mz w 
Figure4 (a) The temperamre dependences of the longitudinal magnetizations of layer. A (broken 
curves) and layer B (full curves) for the system with h / J ,  = 0.05 and J?/Jl  = -0.2. The 
numbers accompmying the curves ille the values of Sl jJ1 .  (b) The temperature dependences 
of the transverse magnetizations of layer A (broken curves) and layer B (full curves) for the 
system with h / J l  = 0.05 and J ~ / J I  = -0.2. The numbers accompanying the curves ille the 
values of n/h. 

3.3. Field dependence 
In figures 6 and 7, typical transverse-field dependences of the magnetizations for the system 
with J z / J ,  = 0.05 are given by fixing the temperature at T = 0.001 J l lkB  and taking three 
values of J 3 / J l  ( J 3 / J ,  = -0.2, -0.5$ -1.0). The R dependences of uz and mL are plotted 
in figure 6(a) and the R dependences of uz and m, are depicted in  figure 6(b). Here, notice 
that the curvatures of us and m, may change at the value of R where U, and m, reduce to 
zero. In figure 7, the Q dependences of IMaI (a = x, z )  are given. 

4. Specific heat 

In this section, let us examine the specific heat of the bilayer system. The internal energy 
U of the system can be expressed as 
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--. ----------- 
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1’4 1 
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-. 
1’4 1 
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. .. -. -._ . 
--.p.5 

J2/J,=0.05 ?.. - 

J3 / J, = -0.2 
c -. 

Figure 5. The temperature dependences of the total 
longitudinal magnetization IMJ (full curves) and 
tool transverse magnetization Mx (broken curves) 
for the same system 3s in figure 4(b). 

0 0.4 

Figure 6. (a) The longitudinal magnetiwtion versus Vansverse fieid S / J ]  for layer A (broken 
curves) and layer B (full curves), when h / J $  = 0.05 and T = O.WlJl/kp.. The numbers 
accompanying the C U N ~ S  are the values of J ~ / J I .  (b)  The same as in (0)  but for the m v e r s e  
magnetizations. 
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Then, the specific heat C can be obtained from the relation 

M Jm-tur and T Kaneyoshi 

c = aurar (15) 

Now, in order to evaluate the internal energy (U),  it is necessary to know the temperature 
dependences of q, mz and q. Their thermal variations have been examined numerically in 
section 3. In figures 8 and 9, we show some typical behaviours of C (full curves) and U 
(broken curves) in the bilayer system. Figure 8 shows the temperature dependences of C and 
U in the bilayer system, fixing the values of Jz and S2 (or J z / J ,  = 0.05 and Q / J 1  = 0.5) 
and changing the value of J3/J1. In figure9, the thermal variations are depicted by selecting 
the system with Jz/J1 = 0.05 and J 3 / J 1  = -0.2 in figure 8 and changing the value of S2. 

1 -  , _ -~_---------------; 

Figure 7. The temperature dependences of the total 
longitudinal magnetization IMzI (full curves) and total 
transverse magnetintion Mz (broken curves) for the 
same system 35 in hgure 6(a). 

_ _  - - 
Figure S. The temperature variations of the specific 
heat C (full curves) and lhe intend energy U 
(broken CUNS), when JzLJl = 0.05 and n l J 1  = 
0.5. The numbers accompanying each curve r e  the 
values of J j / J , .  

-2 _/’ 

0 0.6 ksT/Jl l.* 
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Figure 9. The temperature variations of the specific 
heat C (full cuGes)'and the intemal energy U 
(broken c w e s ) ,  when 3~131 = 0.05 and 33\31 = 

2.0-/- J3 / J1 = -0.2 __---- 
;---- 

-0.2. The numbers accompanying each curve are 
O 8  kBT/Jll.' the values of CllJc.  0 0.4 

As is seen from the figures, the internal energy (broken curves) may express a 
discontinuity of the curvature at the transition temperature T,. The discontinuity of C 
(full~curves) at T = Tc in figure 8 becomes larger when the value of [J31/J1 increases. 
In figure 9, on the other hand, the discontinuous gap of Cdecreases when the value of Q 
increases and for Q > QC (or the system with Q / J I  = 2.0) there is no discontinuity of C 
because T, = 0.0 in the system. In particular, figure 9 clearly shows that the specific heat 
of the system with J 2 / J l  = 0.05 and J 3 / J 1  = -0.2.may show a broad maximum below 
T, when the value of Q is very small. Furthermore, the specific-heat in each figure has a 
finite value even  in^ the region T =- Tc. This indicates that our formulation includes some 
spin-spin correlations automatically and is superior to the standard mean-field theory. 

5. Conclusions 

In this work, we have studied the magnetic properties of the bilayer system with a negative 
interlayer coupling J3 in an applied transverse field C2 within the framework of the Em [U- 
151. The bilayer system with an applied transverse field which consists of spin-; and spin-; 
ferromagnetic Ising monolayers may show a compensation point in the M, curve, depending 
on the strength of 53 (53 < 0). By changing the strength of the applied transverse field, the 
position of the compensation point in the Mz curve can be controlled. In particular, such 
an investigation may be very important from the technological point of view as well as for 
academic research, since ferrimagnetic multilayered systems are considered to be possibly 
useful materials for magneto-optical recording. 

As shown in figures 2-9, the magnetic properties of the bilayer system may exhibit 
characteristic behaviours, depending on the strength of the applied transverse field. As far 
as we know, little work has been reported on the effects of the applied transverse field on 
the magnetic properties of these systems. In particular, some of the present results may be 
related to experimental work on RUTM multilayer films, since the interlayer coupling J3 (or 
3d-4f indirect interaction) is considered to be negative for heavy RES. In fact, they may 
show a compensation point for small thicknesses~of these materials [3,5]. However, one 
must notice some important facts in order to compare the present results with experimental 



6322 

data for these materials. In this work, we have not included the crystal-field constant in B 
layers or the existence of disordered interfaces [ 161. These are considered to be important 
for discussing the magnetic properties of real RE/TM multilayer films [17]. These effects 
will be considered in future work. 

M JaSEur and T Kaneyoshi 
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